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ABSTRACT

An iteration mnethod for solving the implicit difference equations

associated with three-dimensional nonlinear parab,•lic differential equations

is derived and analyzed. The method is applied to thc high Reynolds n,.nbor

laminar viscous flow around a cone at high angle of attack. The requirements

which must be met to ensure convergence of the iterations are obtained, in

addition, an analysis of the stability of the difference equations i.9 presented

and discussed. The numerical results are competed with experimental data

for a 10-deg cone at 12-deg angle of attack, and a 5, 6-deg cone at 8,-deg angle

of attack. The agreement is very gooo,

A description of the associated computer program is contained in the

appendices.
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SY MBOJ ,s

h static enthalpy (h h/h O3

j, k, finite -difference grid points in xy,4ý directions, respectively

K, L number of mesh points in y and t directions, respectively

Y' length used to nondimensionalize variables

M free stream Mach number
W.

M local streamwise Mach number (M = uM /\/h)
x Go

p dimensionless pressure (p = p/ 2 V
a)0

Pr freestrearn Prandtl number (assumed constant)

r distance from a point in the flow to the axis of symmetry of
the cone (r = x sin 0 + y cos 0) / p"v ,'

RC free stream Reynolds number [je C 2
S Sutherland constant

Uv, Ndimensionless velocity components in x, y, 0 dire ctions,
respectively (u = "u/V , v v /V , w = ;/VcV0

V free stream velocity (V = V G/V = 1)

x, y, I coordinates along the cone, noimal to the cone, around the
cone, respectively (x x.-. tl•, y = y/l-)

a angle of attack

y ratio of specific heats (assumed constant)

Ax, Ay,'A n mesh spacing in x,y,,% directions, respectively

ql transformed normal coordinate (1 = y/,)

o cone half angle

viscosity [I1 ,Fh (I+S)/(I+S/h)]
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SY0MBOI.S (Co-ktinued)

distance 1"r'0 shock to cone surface

d de.nsIty (p _M 2 p/h)
C)

Subs aL~ sLU

Go denotes free stream conditions
w de;otes conditions at the cone

superscjriptsý

"denotes dimaensional quantity

n denotes iteration nuruber
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SECTION 1

INTRODUCTION

In recent years there has been a tremendous incre.c in rnunerical

solutions for three-dimensional flow problems. This increase has been due

to the rapid growth in the storage capacity and speed of computers. The

primary effort in computing three-dimensional flows has been in using

explicit methods. Explicit methods, although relatively easy to program,

consume excessive amounts of computer timge due to stability restrictions on

step sizes. Even a DuFort-Frankel (Ref. 1) or Crocco (PE. 2) scheme uses

a considerable amount of tim-e when ýhe mesh spacinig is small, as is neces-

nary for accuracy with high speed, high Reynoldb number laminar flow prob-

lems. Therefore, (or many flow problems it is desirable to use an implicit

technique to solve the governing partial differential equations. In'nlici

methods have the advantage of being stable, consistent, and accurate for

reasonable stepsizes. The major drawback is the size and complexity of the

computer program which rnust be written and the storage requirements due

to the necessity of solving large systemis of equ.ations. Alternating direction

implicit methods (Ref. 3), although reducing the size of the system of equa-

tions which must be solved for three-dimensional problems, double the

complexity of the compute.- code which must be developed.

in ihis repcrt, a method of solving the large systemn of algebraic equa-

tions which result from the inipiicit dilferencing of three-dimene;.onal flow

equations is developed. For" a typica! problem, the implicit differencing may

result in a system• of 6000 oz more algebraic equations. A method of eolvingl

these equations which does not require xcessiv• computer storage and that
A

yielos accarate results is> presented. The mnethod is sim-nilar fo the "predictor

corre,!ctor" Liultipl<; iterati'on technique described by Rubin and Lin (Ref 4).

The numerical approach begins with an implicit differencing of the

system of nonlinear partial differential equations. The nonlinear algebraLc

-l" £4



equations resulting f-omn this differencing are first linearized, and the

rebulting linear algebraic equations are then solved using a Gaubs-Seidel

(Ref. 5) iteration method. The details of the method are given in Section II

far a simple model equation. Because of the necessity of iterating, which N

results from the numerical avproach, the convergence of the iteration

should be considered. This question is also analyzed in Section II for the

model equation.

In Section D1I, the numerical technique which iL developed is applied to

the solution of an approximate systenm of three-dimensional equations which

has been developed to predict the flow fields around cones at high angles of

attack. This approximate system of viscous equations has be--n derived

froni the ste.dy Navier-Stokes equations by assuning the gradients of the

shear stress in the streamwi se direction are niuch smalier than the gradients

in the normral and circumferential directtons (Ref. 6). The rezulting equa-

tio:is are simnilar to those developed by Lin and Rubin (Ref. 7) to solve the.

sharp tin; ]ow . -!Ao nunl.er region ior a cone at angle of attack. The

resulting system of equations is first order in x and second ,order in y and .

The convergence and stability of the systemn of equations are discussed.

Solutions to the systemn of equations are presentea for two cases in

Section IV. The first, a 10-deg half angle cone at 12-dog angle of attack and

a fre'3stream Mach runr.1er of 8; and the second, a 5.6-deg half angle cone

At 8-deg angle of attack and a zree',trearn Mach numrber of 14. 2. The condi-

tions for these cases corresnoond cloacly to experinmental data obtained by

Tracy (Ref. 8) and Stetson and Ojdana (Ref. 9). Comparisons of the nusneri--

cal results with the exverirnental data are shown.

-z- 4,



SECTION II

NUMERICAL TECHNIQUE

In this section, the numerical technique is developed and analyzed.

To illustrate the approach, the following three-dimensional partial differen-

tial equation is considered:

au au ýu aZ 2 U"a u
O+ au+ - b d- -n 0 c, d-O (1)

This equation is representative of the viscous flow equation. For three-

dimensional steady 11ow, a = v/u, b = w/ur, c = FA/Repu, d = I/Repur

The following finite difference approximation formulas are used:

au

O- = (u. uOx 1 ±l,klj - 1Jt)ki)/Ax A

8Z u

u +, k+l Uj+l,k, -1)/A

a2_ j+Ilk,k+l- 'j+l,k,I + Uj+l,k,lf '

where u j, k, is the value oj u at the grkd point j,k,

-
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In addition, in the more general case, a cross derivative term appears.

For completeness the difference formula is defined.

- (Uj+l. k+l, _ - j41,k-l,fl)]/4 1n•, (3)

The scheme for solving the differential equation is then completely

implicit. To obtain uj4-1 ki (solution known at j) a linear system of equa-
tions of order K L'- mLrust be solved. I

The method proposed to solve this system of linear equations is the

line Gauss-Seidel iteration method mentioned in Fox (Ref. 5) and Isaacson

and Keller (Ref. 10). To be specific, suppose uL1j+, ,V is a guess to the

solution of the difference equations where n denotes the iteration number.

Then the correct.on ive the.+1,k,1 whicn must be added to u+l,k,
solution satisfies, after rearranging

+aI k- u I + + Z 2

n n Uan Zn 2a n b(
ax aq-- dr C - 2A _ +1,l k,.+l Uj+lk, -I

2 1i, k, j+l + ui Itk, 1- 1)(4

If the uwderlined terms on the right hand side of Eq. (4) are ignored and the

resulting equations are solved in the order 1-- 1, 2,... L, using the boundary

conditions at - 1, then the approximate solution denoted by T+l,k,i should
nil nbe close to j+l kI' Takingu j+lpk, u j+l,k, I + Uj+,k,1 as a new guess

n+Zto the solution of Eq. (1) the process is repeated to obtain u'+lk,1 and so on

until convergence is achieved.

-4-



The above method hap the advantage that L systems of ordex K must be

solved instead of one of order L ;'- K. This saves time and storage.

A seeming disadvantage is that iteraticn is rcequired. That is, solving

L systems of order K just produces a "guess" to the solution of Eq. (4). To

obtain a better "guess" the L systems have to be solved again, etc.

However for nonlinear problems this is not a disadvantage. To solve a

nonlinear system of equations, some form of linearization must be done

(e.g., Newton-Raphson method) and then iteration is done to obtain an accu-

rate solution. The line Gauss-Seidel method may be used to solve the linear

system, and instead of iterating to convergence the first iterate is taken as

the next iterate in the nonlinear sequence of iterates. Experience has shown

that the convergence of the nonlinear iterates is not severely hindered by

not solving exactly fur the iterate.

Once the iterations have converged then the method is completely im-

pitcit and so the single linear Eq. (1) is stable and consistent. The primary

question to be answered is whether or not the iterates converge. To con-

sider the cth-nvergence question write the difference equation [Eq. (4)] as

un+1 Z (n ' I n+l + bx (n k n+l

§1 1,kI ZA Eq Ujl,k+-+lf U -l 2--0 j4Z&k.\j" u+lk A-il

n+l n 41 n+l
•rZ ll,k-l,4kJ

dAx 11 k~- -- n+l n+l I5
- Z ( +!,k,u+l -j+l,k, 4 'sij+l,k,l- ) jkJ

The above equation is a difference equation with difference index n. To

determine under what conditions the solution converges as n-co the Fouriker

series method as presented in Richtmyer and Morton (Ref. 11) may be used.

That is, substitute Xc'(m/A4 + mUkAjj) f or I and emzkAr)

for uj+lk. " The term U.k! is ignored since it is independent of n, and

-5-



the resulting equation is solved for X. The iterates will converge if I X: < 1.

For Eq. (5) the amplification factor X is

- A- 4 m 1 A ItisinmlA1)

ib(x 4ci) comr-Z d:) - nrn2 A +bAX d~x~ gnA

(6) *1++

Alter some manipulation it can be shown that IIX < 1 if~x ax Ib"
th

If the values of u at I- 1 were evaluated at the n iterate instead of the
th

n•l , this would be the line Jacobi elimination method (Ref. 10) and the con-

vergence criterion would be the same. It is line Jacobi elimination that

Rubin and Lin (Ref. 4) studied; however, instead of considering convergence

they looked at wl-at would happen if just one or two iterations were carried out.

They found that the equations were not quite consistent and for the method to

be stable as a marching sc'herme• in x there was a rcstr.cto. . vii.Ax :ependifg

on the number of iteratiors performed. For one iteration, the stability

restriction was the same a, the above derived convergence restriction.

(Rubin and Lin considered ,he case where c = 0.) The question may be aked

why it is necessary to iterate to convergence (which may require four or five

iterations) instead of iterating only once or twice. Iterating to convergence

produces consistency, and in nonlinear equations it is necessary to iterate

several tirnc s to obtain an accurate and stable solution to the nonlinear dif-

ference equations.

Tiie rates of convergence for the line Jacobi method and the line Gauss-

Seidel method have been studied for elliptic problems (Ref. 10) and it has been

found that the line Gauss-Seidel method converges twice as fast as the line

Jacobi method. The results for the above simple parabolic case are analo-

gous.

If a DuFort-Frankel scheme or a Crocco scheme or some other modi-

fied explicit formula (modified to remove the diffusive stability requirement)

-6-
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y-!

is used, there are two convective stability requirements. The above scheme

eliminates one convectivc Ax restriction. For problems which permit very

unequal meshes in the two directions, as for many flow problemrs, this m.ay

permit much greater step sizes.

In the next section, the differencing described above is applied to a

complicated system of three-dimensional viscous flow equations which h-ve

been developed to solve for the flow field around a cone at angle of attack.

-7
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SECTiON III

APPLICATION TO CONE AT ANGLE OF ATTACK f
A. GOVERNING EQUATIONS

The numerical tcchniq!le which was developed in the previous section

will i,e applied to a complicated system of three-dimensional viscouis flow

equations which have been derived to predict the flow around a cone at angle

of attack. The system of equations has been derived from the steady Navier-

Stokes equations by assuming the gradients of the shear stress in the stream-

wise direction are much smaller than the gradients in the normal and cir- I
cun-ferential directions (Ref. 6). The coordinrate systen-m used in the develup-

ment of the equations is illustrated in Figure 1.

The resulting nondimensional equations are li5ted below: 4
I

Cjnunuity equation J

Ppur ILE • :w 0 (7)

ax ÷ay 81D

x-mromentum equation

a r aouvr ni
----- - pw sinO + rax ay 8ax

Reja~t~ri+ W ti/F CosJ

(8) 1

Preceding page blank
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y-momentum equation

apuvr OPv r 4 -f-k PxZoOira
ax y a wos 4ý r

rr

r 14 a /8v3 ay r

O.-momentum equation

apuwr 8p'rwr •pw 2

4wap 4 aT-,N + Puw sine + pvw cosO +

Re - ay \r 34V 3r) a - + 3 y \ 8a J&
' 3r ~ W

(10)

Energy equation

apurh + i - I) r U P v 2k 4-a-x-• ay Y • -5F ax L9Yr C)

ir ('Y-1)Mz I {M2 I 1w 42

S \ iaya '\Z k -
+ (0•f _ (Iav 4 a.v aw 2 9v aw

+L I h)+ a b
RePr r Oy lay x f x DO

where the perfect gas equation of state is used to relate the density to the
pressure and enthalpy

cc, h



and Sutherland's law is used to relate the viscosity to the enthalpy

14Sý= 0Jh (13)l+S Jh

A constant Prandtl numnber and specific heat will also be assumed.

The above equations are similar to those used by Lin and Rubirn (Ref. 7)

except the terms associated with r-O have been dropped. These terris are

important only near the tip at low Reynolds number. We will be interested

in solving the higher Reynolds number cases downstream of the tip region.

The following boundary conditions at the cone surface are used.

u = V = V = 0

h specified constant (14)
w

ay/W Re\3 C2  r 3 ayaV/

The last equation has been obtained from the v-momentum equation using the

condition (8viay)w = 0 which is required in order that the continuity equation

is satLsfied at the wall.

The following difference formulas are used in the (ap/ay)w equatior.:

lIz \V'W )w 1W /ayayalý 30-- k=Z

ay /w

and are obtained from Taylor series expansions in the normal direction of
aw and
a-Ik=Z and-k=Z-



The Rankine-Hlugoniot jump conditions are applied at the shock boundary.

In the body-oriented coordinate system (Figure 1) they are

Conservation of mass euaqa

(u - PKUK) - (voo- P VK) 4 (W PKW 0 (15)(U O PKK x Go. K K C

Conservation of normal momentum equation

c_ _ _ W V--VK + W K r
"o"a POD = PK ar (16)

Conservation of tan ential velocities equations

[, 1 ~~za t a~a
(U~u )l--~ ]i U vovK) 8a ( WK)~ -6 0K r ,3 0 K)

(vo -vK) r + (. -WK) 0 (17)

Conservation of ene~rgy equation

(Y - l)Mo (Y 1)M 2  2 z
Z -Vi o h = h24 Co (uL + V. (w18)

The subscript K denotes the value of the variable just inside the shock. In

order to uniquely determine the six unknowns ý, uK, vK, WKP PK' h K' the

above five equations must be augmented with a sixth equation. A one-sided

differencing of the continuity equation provides the sixth equation. Full

justification and discussion of the above equations and boundary conditions
are presented in Ref. 6).

-13-



Since the fluid flow is symmetric about the plane - : 0 and et -, the

equations used will be solved (or 0 <0 : r where the syr'metry conditions

a (uv,p,h,4) 0; w 2 0

are used at - = 0 and 0 = T,. (Note; = 0 is the windward side.

The shock distance is to be solv'd for from the Rankine-1-ugoniot jump

conditions.1 In a rectangular y-O grid the shock may not fall on a mcsh point

so that mesh points would have to be moved or added to accommodate the

shock. Thus, the transformation - = y/ý (x,o) is made. The resulting equa-

tions are then solved for 0 -5 T S 1, 0 s 4- 1T, where rY = 0 corresponds to the

cone and Tj - 1 corresponds to the shock. The shock distance C appears in

all the equations and in order to keep the matrix of coefficients obtained from

the difference form of the equation in block tri-diagonal form, a sixth equation

is differenced. Thus the problem to be solved consists of six differential

equations, six boundary conditions at each of the positions q = 0 and rj = 1 and

two symmetry conditions at Z = 0 and t = T [Eqs. (7) through (20)] in the six

unknowns u, v, w, p, h. t,.

If initial conditions were known, a marching scheme in x could be used

to solve the equations. An explicit method would not work since, as shown

by Baum and Denison [Eq. (12)] for the axisymmetric problem, it is not pos-

sible to solve for au/8x, yv/ax, aw/ax, Op/ax, ah/Ox, at M = 1. Even if

this difficulty could be overcome the diffusive stability requirement would be

too strict. Since the gradients in the normal direction are much larger than

in the circumferential direction, the normal mesh will be much finer than the

circumferential mesh. Thus a method that is implicit in the normal direc-

tion should be more efficient than a modified explicit differencing such as

DuFort-Frankel or Crocco. Ac.urate solutions at each x-station are desired

-14-



and since the equations arc very nonlinear they require iteration for accuracy.

The method proposed in the previous section is mosrt appropriate fox" this

problem.

An alternating directin implicit technique was tried, with iteration to

handle the nonlinca.riti-s. It was found that near u = 0 and M \ 1, the equa-x

tions for the implicit in I step were i.Ku-conditioned and meaningful solutions

could not be obtained. The \X I difficulty was overcome by evaluatingx
the bp/ix term backwards, in x in the x-.motnentum and energy equations.

However, the u ý 0 difficulty remained.

The implicit difference equations [Eqs. (2) and (3)] are substituted into
th~e partial differential eqlvations and L system of nonlinear algebraic equa- ,•i

tions result, There are many ways to linearize such a system. Since con-

vergence is gaaranteed provided ýhc initial guess is close enough, and because
the convergeýnce is quadratic, the Newton -R.3 phson .nmethood is usv;u tu boive

these equations. That is, the nonlinear terms are expanded in a Taylor

series and terms higher than first order are dropped. It is known that this

iteration procedure converges provided the initial guess is close enough to

the solution. It was found that linearly extrapolating the solution at the pre-

vious two x stations gives a satisfactory initial guess. To see what linear'--

zation does to various ternm.s let f represent the increment to be added to thc

known iterate and the superscript n denote that iterate. A few sample expres-

clnnc sare

nn n /n.z,. g ( pur_• jJ- Pr)' (ur)n ____,• 7 p~
Ax ap 1h Zix

8 -fovw\ 3 f•n 8 v

a v+ a4V i a
+ '7' (kh04-

-15-



The r tein' above is F vjcost, shilce 'XU ii 6nO is known,. The linear sys-

teCiC of equations obtained are solved for k, Vw F.p, and ý using the line

Gauss-,Seidel method described in the previous section. hlowever, only one

iteration of the line Gauss-Seido'l mcnuthod is pexformed, The approximate

solutions so obtained are then used to obtain the next guess tu tne nonlinear I
system.

For this flow problerm the L systems of equations that must be solved

to obtain one Gauss-Scidel iterate are of order 6 ,- K since there are six
A

variables involved. The matrix of coefr'gcients is of block tridiagonal formn

An efficient method for solving such systemrs is presented in Isaacson and

Keller (Ref. 10) and was used by Rubin and Lin (Ref. 4) and also in the

present analysis.

B. CONVERGENCE AND STABILITY

The., questions of convergence and stability must be investigated for the

systenm of flow equations. To consider convergence, the equations are sinm-

pitied. First the equations are wziten in a diffe.ent fortmn by expanding the

derivative expressu ia and subtracting the continuity equation from the

znmonentum equation and the energy equation. For simplicity it is assumed

that il/Pr = 4/3 va i• The viscosity is assumed to be consthnt and the

shock distance is asunumed to be known. Sbncc the iteration is primarily for

the I? derivative terms, then all terms not involving derivatives with respect

tu •' exclusively are ignorea. The following equations are left.

au ):c 0
-4 Re

ax P3x ur al

Sv ' D v "
-V - av Re a V 0 (2la)

+ZXP RZ+ h a+
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Ox u 5x L ax ur cY 'ar ao urh
, (flb)

6 h Y-I h ý! a' h •'0h V-I w h 00_

Ox v P ax Uax aT ReP v

where

- : I ubh
ur2 YM p

To further simplify the analysis, assume that all coefficients of the deriva-

tive terms are constant, and that the mesh spacings are constantAx, Ay, and

AD in the x, v, and 0 directions, respectively. After differencing and somne

rearranging, the line Gauss-Seidel iteration method reduces the difference

equation for ýz at each neb point to4

n-i- 1 n+l W -AX/ n -n-rI

'U.~i + ~ '41 k. PJ-1k
.,+1k + P jP+1k U- k,-. U/I, k.+-

Re ax In n41 Un-,l =1-R 2 jJi'kI+I - j+ikJ 3+lk/'k/ ,k,9 + P-j,k,

(22)

"with similar expressions for the ether equations, whcre the superscript n

denotes the known iterate, the superscript ni1 denotes the next (unknown)

iterate, and the right hand side of the, equations are at j arid so are indepen-

dent of the iterate.

The convarg•ece of the solution of the system of d&fi-..rence equations3

repxt3ented by Eq. (U.) can be determin.ed utsing the Fourier series methiod

as presented in Re,. II. The solutions will converge if the eigenivaluec of

the asz.-ciated amnplification matrix are less thai one in absolute value. To

-17-



obtain the eigenvalues substitute uoe and Xu e for Uan kt and
In 4-1 0 o 3 1, i

Lj+1lkj, and similarly for v,w,p,h; this gives five linear equation in

Uo, vof w o P., and ho, and the eigenvalues of the amplification matrix are

those values ol K for which the determinant of the coefficient matrix is zero.

)or the above system it has been found in regions of the flow where

M is near one or less than one, that some of the eigenvalues of the amplifi-x

cation matrix are greater than one, in absolute value, independent of ax and

AC. However, if the ap/Dx term in the x-mornentum and energy equation are

differenced backwards in x, i.e.

_p _ _ P ,k , - -l(23)
ax ax

as suggested by Ohrenberger and Baurn (Ref. 13), or set equal to zero as

suggested by Rabin and Lin (Ref. 14), then convergence criteria can be ob-

tained. Doing either of the above modifications causes the difference expres-

sions representing the underlined terms in Eq. (21) to be independent of the

iteration index n. Thus, the first and second difference equations are

uncoupled from the rest of the system and are similar to the simple equation

in Section I1. Therefore I Xi < 1 if

Ax < I- I A (24)

The remaining three equations are studied using the Fourier series

method. If the determinant of the associated three by three matrix of coef-

ficients is set equal to zero, it can be found that a third value of K is the

same as the first two above, and so Eq. (24) must be satisfied. The remain-

ing two values satisfy a complicated quadratic equation. To simplify the

analysis the first and second derivative terms are handled separately. For

second derivative terms only, it can be easily shown that both roots of the

-18-



quadratic equation are less than one in absolute value. For first derivative

terms only, it can be shown after considerable effort that the two roots of

the quadratic equation are less than one in absolute value if and only if

2x < lurlA4' (2) 5

+ Y + -y w) 41 (ZS)

Co

The results as represented by Eqs. (24), (25) apply to the simplified

linear system Eq. (21). It has been found numerically that the restriction

for the actual nonlinear system of equations [Eqs. (7) through (20)] is quali-

tatively like Eqs. (24), (25). Quantitatively the restriction is similar to

Eq. (24).

Once the solution can be obtained at x +,, the question of whether the

scheme is stable for arching the. x di-ectLun must be answered. To

analyze the stability, the following system is considered.

a•u 1p Re:[2 r2 a u•

+ + r 0

-x Pu ax h .x

eRe - r 0
.1X 2

r -w~e + (26)

~22~
&h N -1 h aRahrz a h~ 4

ax Yp 8x R -- + ayz 0
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The above equations are d-fferenced in-plicitly and the resuting equa-

• tions are studied using the Fourier series technique. The equations are

! ~stable if the eigenvalues of the amplification rf, atrix are less than or equal to •

ii: one in absolute value. The second and tbird equations are uncoupled from

;-: the system. It can easily be shown that they are unconditionally stable.

For the remaining three equations one of the cigenvalues is X 1 , an~d

another is

x : 1(27)
* [ ~Ax •X

1 2 Re' (cosmlAC-l) •-+ (coem.nii-I)

which is less than or equal to one in absolute value.

SSince the first four eigenvalues are less than or equal to one in absolute

Svalue, the stability of the system of Eq. (26) depends on the magnitude of the

fifth and ...... one ...... ,,,fez.•en cases are considered depending on how

the ap/ax ternm in the x-momenturn and energy equations is differenced, In-

the first case, if ýp/3x is set to zero as suggested by Rubin and Lin (Ref. 14),

then the fifth eigenvalue is the same as Eq. k(Z7). Thus, the di.fference equa-.

tions are unconditionally stable as a marching scheme in x.

The second case corresponds to evaluating clr/ax backwards i~n x

[Eq. (23)], as suggested by Ohrenberger and Baum (Ref. 13). It M =k 1 then

Ix

it can be shown that the maynittirle of the• ,•gr u .... 5 e..- thno•eult

one. However, if M x< 1, which occurs near the cone due to the boundary
condition u h 0, the following restriction must be satisfied to ensure that the

absolute value of the eigenvalue is less than or equal to one.

oRe (h r i

1 1C+ (c1n2 '-lo)m - )-I --

A1 AyR

(28)

-20-
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The third case corresponds to taking Op/Ox implicitly. For this case

it is found that Ax must be twice as big as for the previous case where op/ax

was evaluated explicitly. This implies that if a d.ifferent metLod were used to

solve the implicit equations (the proposed Newton-Gauss-Seidel method does

not converge when Op/Ox is differenced implicitly as mentioned previously) a

ncxerlcal solution to the fluid flow equations could be obtained if Ax were I
chosen sufficiently large. A lower bound restricion on the r-arching step-

size has also been found for certain stiff ordinary differential equatfons by

Curtiss and Hirschfelder (Ref. 15) in order to suppress so called de;)arture

solutions. The case here is analogous to the ordinary differential equation

case. The departure is characterized by the leeward surface pressure

oscillating or rapidly increasing, and has been observed by Baum and Denison
(Ref. 1Z), Rubin and Lin (Ref. 14), and Tyson (Ref. 16). Tyson experimen-
tally found that a large stepsize was necessary to suppress the departure I

±1
S~solutions.

/A
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SECTION IV

NUMERICAL RESULTS

To demonstrate the validity of the technique, solutions have been com-

pared with experimental data obtained by Tracy (Ref. 8) on a sharp 10 deg

half angle cone at an angle of attack of 12 deg. The parameters used in the

calculation are given in Table I. These correspond closely to the experi-

mental data. Initial conditions, which would normally come from a solution

to the nose region, are needed before an exact comparison can be obtained,

Since the nose solution was not available, the following technique was used to

generate the required initial conditions. Starting at zero, the angle of attack

was slowly increased while marching along the cone until 12 deg was reached

at an x = x 0 . The calculations are then continued at a constant 12 deg angle

of attack! and the unl is r.' whu' to relax to th- desired sharp cone

results. Because of the method used to generate the initial conditions, the

ca!culations are not expected to agree with the data at the same x station,

However, the calculation should relax to results which are similar to the

data (except the difference in local Reynolds number) as the solution continues

dowristream.

Table I. Parameters for Tracy's CaseI Ž-arazneter Symbol and Value

cone half angle 0 10 deg

-ingle of attack 1Z = Zdeg
fxcestream Mach number Moo = 8

bc&¢,:tr'eam Reynolds number Re = 1. 1 x 10 /ft

Iree,eArtearn Prandtl number Pr = 0.75

r;-Kto o, specific heats Y = 1.4

Suthez iand constant S = 2

,reest.:ean dimensionless pressure Pco= 0.0112

sfatic enthalpy at the cone hv 5. 5

-Z3- Preceding page blank



F

Figures 2, 3 show the experimental surface pressure and heat transfer

arc'ind the cone at x = 0. 33 ft and the calculated results at x S x/x= 8. 5,

25. and 50. The calculated heat transfer results illustrate that at x 8. 5 the

elfez't of tlW. initial conditions at x = x0 have not yet relaxed. At x = 25 and

50 the uairulations appear to be approaching a relaxed result and the agree-

ment. with the heat transfer data is very good.

In Figure 4, a comparison between the measured and calculated bow

shock and viscous layer thickness around the cone is given. The data were

taken at x _- 0. 286 ft, the calculated results at x = 50 are shcwn. Finally

in Figure 5, the calculated velocity vectors on the leeward side projected

normal to the streamwise direction are shown. The separated flow region on

the leeward side is clearly shown by this figure.

The above results were obtained by evaluating Bp/8x explicitly. Runs

were alio made with ap/ax = 0 and the results differed very slightly from

those presented.

A comparison of actual convergence and stability restrictions with the

analytical restrictions for this case is presented in Figure 6. From Eq. (24)

with 4A-- 10 deg and taking 1 as a lower bound for lu/wl we see that

Ax < 0. 03 (29)
x

.5 rccC ~fry fr convergence. Equation (28) implies that the biggest restric-

tion occurs for small u, that is near to the cone. To simplify the expres-

sion, suppose that cos m 1 4and cos m.Ay are zero. This is not strictly

valid; however, we are looking for an approximate answer. Making this

assumption nmay not give us precise quantitative results but hopefully quali-

tative results will be obtained. For the cases run, &y << rA'1. The nearest

point to the cone that is solved for corresponds to y - Ay. The functions p

and 1. evaluated at &I are approximately constant as functions of x. Also it

-24-
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Figure Z. Geometry oi the Flow for Tracy's
Case, a =12 deg
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* DATA (X =0.33 ft)

CALCULATIONS

0.10 0 J

S-... 25X
'0p 50Xo

2 Xo=. ft

POX 0

0.05

0 -

0 30 60 90 120 150 180

CIRCUMFERENTIAL ANGLE (degj

Figure 3. Circumferential Surface Pressure Distribution
for Tracy's Case, c - 12 deg
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O = HEAT TRANSFER AT

0D ZERO ANGLE OF ATTACK

2.8

q4 *DATA (X =0.33 ft)
2.4 * CALCULATIONS- " • e . . 8 "5 X

2.5X
00

-• ... 25 Xo0

2.0 50x 0

Q0
1.6 \i

0.8

0.4
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F"igure 4. Circumferential Heat Transfer Distribution
for Tracy's Case, a = 12 deg
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has been observed that the ratio fly/u where u Is evaluated at y Ay is almost

constant as a function of x. Thus Eq. (28) is approximately

JE . 4 1 x (30)

where the expression in bracketz in Eq (30) is approximately constant. In

addition, since the transformation y =--jý is made, ay =fAlV1; and since g

increases approximately linearly with x, then Ay/x remains constant as x

increases. Equation (30) then implies that for an initially chosen Ay, Ax

must increase linearly as x increases. Therefore if Ay is chosen so that

Eqs. (30), (Z9) are satisfied initially, they will be satisfied for allx rx
videdflx increases proportionally to x.

Tracy's case was run with Ax/x = 0. 03 and a Afl spacing such that

initially fy /x z 0. 0006. The expression in brackets in Eq. (30) is equal to

16 so that Eq. (30) is satisfied. With WD- 10 several different values for

Ax and 4ly were used to determine how accurate the derived inequalities are.

The results are shown in Figure 6. The shaded region is the predicted area

where convergent stable solutions should be obtained. The actual region of

convergent stable solutions is somewhat different. However, the qualitative

results are correct. It was found that increasing Ax slowed down the con-

vergence of the iterative procedure to obtain the solution at an x station until

finally it did not converge. Decreasing Ax snoed up the convergence but

produced solutions that departed as a function of x. Increasing Ay led to

departure solution and decreasing Ay led to stable solutions. For a few cases

the results for the surface pressure on the leeward side (the most critical

for departure) at a = 12 deg are shown in Figure 7.

A second case has been run to compare with experimental data obtained

by Stetson and Ojdana (Ref. 9) on a sharp 5.6 deg half angle cone at an angle

of attack of 8 deg, The parameters used in the calculation are given in

Table Il. Figure 8 shows the wall pressure distribution on the leeward side

at x- 17. Stetson's case was run with Op/8x = 0. Analysis of the restrictions
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onAx for ap/3x evaluated explicitly as was done for Tracy's case led to Ax

spaci.igs that were much too small in the sense that too many y mesh points

were required and the storage capability of the computer was exceeded.

Numerical experimentation verified that the solution could not be obtained

for any permissable mesh spacing when ap/ax was evaluated explicitly.

Table II. Parameters for Stetson's Case

Parameter Symbol and Value

cone half angle 0 = 5.6 deg

angle of attack a = 8 deg

freestream Mach number M = 14.2
00 6

freestream. Reynolds number Re = 0. 83 x 10 /ft

freestream Prandtl number Pr = 0. 75

ratio of specific heats y = 1.4

Suthcrland cnstantS 4

freestreain dimensionless pressure po = 0. 00354

static entha.py at the cone h 32. 398
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SECTION V

COMPUTER PROGRAM

A computer program has been developed for the CDC/760C computer

that solves the above equations. Provision has been made for v, <ble grid

sizes in both the y and $ directions and this feature has been used heavily.

The iteration logic has been structured so that when the solution along a4

line converges to the desired number of figures, that line is dropped frai

the iteration ioop. This saves considerable time since a fewo lines require

as many as seven iterations to converge to five figures while most 4' lines

require only two or three iterations.

For 50 points in the y direction and 23 points in the 0 direction the

program requires 35,000 words of storage. It takes 30 sec to obtain the

solution accurate to five figures at one x station. Eleven percent of this-- time

is spent evaluating all the derivative expressions, 33 percent is spent com-

puting the Jacobian coefficient matrix, and 56 percent is spent solving the

linear equations. For Tracy's case it took about 120 steps to go from

x = ito x = 50.

For convenience in programming the derivatives were defined as

au n n+l a /4A1a, 4V jti, ,j+1 "4 , k, L-1/

aZ n _ tukt+/ n+ At1S-- j+I,k,i.+l j,k,i ~~- ®

The right hand side of Eq. (4) became

,un aun bun 2un Zaun

ax Bfl T 8-1 - 2 ±cD2

Preceding page blank
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where the underlined terms in Eq. (4) have been ignored. It is seen that

it is necessary to store only two planes of the solution, one at j and one for

the current iterate at j+l. The n+l iterate is stored on top of the n iterate

as it is computed.

- 6
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SECTION VI

DISCUSSION AND CONCLUSIONS

A method for solving the implicit difference equations describing tht i

three-dimensional flow around a cone at angle of attack has been described

and analyzed. These tquations which are derived and discussed in Ref. 6
constitute a system of three-dimensional nonlinear parabolic equations. The

technique for solving these equations has been shown to be accurate and

efficient in both running time and computer storage.

The numerical method is not restricted to steady flow problems but

could easily be applied to two-dimensional time dependent calculations.
•4

An analysis of the numerical aspect of departure solutions has been

presented. Methods that have been proposed by other authors to suppress

the departure solutions have been verified and in some cases qualified. In

addition, it has been shown that departure solutions can be suppressed even

if the streamwise pressure derivative is included, if the steps ze is large

enough.

Results have been compared with experimental data and the agreement

is very good. j

-

I
I
I
I
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APPENDIX A

PROGRAM INPUT INSTRUCTIONS

The input is divided into two sections, namelist input and formatted

input. Parameters describing the problem are read using NAMELIST/INPUT/.

GAMMA = Y
MINE = M

aO
THETAC = 0

REINF = Re

PRINF = Pr

ALFA = a

PINF = Po)

SPROP = S

NJ = number of x-stations

NK = number of y-stations at which initial conditions are
specified

NL = number of @-stations at whic! initial conditions are
specified

M,0D = . TRUE. or . ALSE.
depending on whether the input mesh distribution is to be |
modified ox not. Default is . FALSE.

ITAPE = 0, no output on TAPE2. this is the defaultll

= N, output solution on TAPE2 every Nth x-step

The rest of the input is read using format control.

IREAD (112)

IRI2AD > 0 read initial profile from TAPE3, used for restart

purposes. The first profile on TAPE 3 at an x station
bigger than or equal to X(1) is selected as the initial
profile.

IREAD -S 0 read initial profile from cards

A-I



- -------------- -- ------

If IREAD :s 0 then the cards with the solution are input

-FI(L), ZI(l, L) (ZE12. 5)

repeat FI(L) is a - station in degrees
SNL times,

LiZI(1, L) is the shock distance at 4

E ET(K), U(K, L), V(K, L), W(K, L), P(K, L), H(K,L), K=1, NK(6E12. 5)

FT(K) is a distance from the body (=y not y/shock)

U,V,W, P,H are values of u,v,w,p,h at F;T(K), FI(L)

X(J) J=l or J-1, NJ (6EI2.5)

X(J) is an X-station along the body. If J=l then the rest of the

points are obtained using X(J i 1) c c X(J) where

c is a constant > I. X(l) is the position of the initial profile.

"The following cards describe v and h at the body:

L 1t

L is the index of a ¢ station
J, V.B (J.,L), HB (J, L) (I1Z, 2 E12. 5)-

J is the index of an X station

VB(J, L) i. the value of v at the body at )((J), FI(L)

3IB(J, L) is the value of h at the body at X(J), FI(L)

This card is repeated with N increasing from I to NJ.

if any J stations are skipped then linear intei polation is

used to obtain VB and YI1 at the skipped stations

There then follows a card with another L value and cards with J,

VB, and HB. These groups are repeated with L increasing from

I to NL. If any L stations are skipped then linear interpolation

is used to obtain VB and HB at the skipped stations.
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If MOD-. TRUE. more cards are needed.

NEWK, NEWL (215)

NEWK is a new value for NK, and indicates that the input 11

distribution is to be changed. If the rl distribution is not to

be changed then leave NEWK blank.

NEWL as with NEWK but for NL and 0.

If NEWK > 0

ETNEW(1K) K~l, NEWK (6D12.4).

The numbers must increase from 0. The input numbers

are scaled by the program to go from 0. to 1. by dividing

by ETNEW (NEWK)

If NEWL > 0

FINEW(L) L- 1, NEWL (6D12. 4)

These are the new 1 stations in degrees. They must

increase from 0 to 180 deg.
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APPELNI)!N 13

PROGRA M OUTPUT

The nanielist input is printedci out. If the initial profiles were read

from cards then the card images are printed.

The ,,x-stations at which the solution will be obtained are printed.

The input profiles are printed and if thc mesh distribution was changed,

then the nlew initial profiles are prim ed.

The profiles are printed at each x-station as they are obtained. Pre -

ceeding each station printout is printed the iteration and convergence history

foxr that x-station. The variables printed are ITEIk and INS(L), L- 1, NL.

If all 4)-rays have converged then IT!';n-0, otherwise ITElR 1. If the Lth

qg-ray has coILvtýrged then INS(L) 0, otherwi~se INS(I) 2- 1.

The para meters re-ad in with namtelist are written on TAPE4, followed

by the profiles at each x-station. The data are written without format con-

trol and cani be used to supply initial conditioLns.

If ITAPt' > 0 then the profiles are wriLten on TAPE2 at each ITAPtith

x-station. TAPE? can be set up as the punch file.
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APPENDIX C

EXAMPLE PROBLEM

The input necessary to run Tracy's case (see Table I) is given in

Appendix 1). The sequence numbers on the initial condition profiles are not

required, they are included on the sample deck to aid in ordering the cards if

they get mixed up.

The output from the program is presented in Appendix E. The solution

has been printed at only a few mesh points.

After running much further along the cone the solution profiles obtained

would be similar to those shown in Figures C-1, C-2, C-3, C-4, and C-5.
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